Suppose that p is 3, 5, 7, 11 or 13. We classify the radical p-chains of the Monster M and verify the Alperin weight conjecture and Uno's reductive conjecture for M, the latter being a refinement of Dade's reductive conjecture and the Isaacs-Navarro conjecture.
Denote by Irr(G) the set of all irreducible ordinary characters of G, and let Blk(G) be the set of p-blocks. Let B ∈ Blk(G) and ϕ ∈ Irr(N (R)/R). The pair (R, ϕ) is called a B-weight if d(ϕ) = 0 and B(ϕ) G = B (in the sense of Brauer), where d(ϕ) = log p (|N (R)/R| p ) − log p (ϕ(1) p ) is the p-defect of ϕ and B(ϕ) is the block of N (R) containing ϕ. A weight is always identified with its G-conjugates. Let W(B) be the number of B-weights and (B) the number of irreducible Brauer characters of B. Alperin [1] conjectured that W(B) = (B) for each B ∈ Blk(G).
Given a p-subgroup chain C : P 0 < P 1 < . . . < P n (2.1)
of G, define |C| = n, C k : P 0 < P 1 < . . . < P k and
2)
The chain C is said to be radical if it satisfies the following two conditions: (a) P 0 = O p (G); and (b) P k = O p (N (C k )) for 1 k n. Denote by R = R(G) the set of all radical p-chains of G. Let B ∈ Blk(G) and let D(B) be a defect group of B. The p-local rank (see [6] ) of B is the number plr(B) = max{|C| : C ∈ R, C : P 0 < P 1 < . . . < P n D(B)}.
Let E be an extension of G, and let F = E/G. For C ∈ R(G) and ψ ∈ Irr(N G (C)), let N E (C, ψ) be the stabilizer of (C, ψ) in E. Then N F (C, ψ) = N E (C, ψ)/N G (C) is a subgroup of F . Dade's ordinary conjecture [16] . If O p (G) = 1 and B is a p-block of G with defect group D(B) = 1, then for any integer d 0,
Let H be a subgroup of a finite group G and let ϕ ∈ Irr(H). The p-remainder r(ϕ) = r p (ϕ) of ϕ is the integer 0 < r(ϕ) p − 1 such that the p -part (|H|/ϕ(1)) p of |H|/ϕ(1) satisfies |H| ϕ(1) p ≡ r(ϕ)(mod p).
Given an integer r with 1 r < (p + 1)/2, let Irr(H, Note that if p = 2 or 3, then Uno's conjectures are equivalent to Dade's conjectures. Let G be the Monster M; then its Schur multiplier and outer automorphism group are trivial, so Dade's ordinary conjecture is equivalent to his reductive conjecture (and Uno's ordinary conjecture is also equivalent to his reductive conjecture). Thus it suffices to verify Uno's ordinary conjecture for M.
The proofs of the following two lemmas are straightforward.
Lemma 2.1. Let σ : O p (G) < P 1 < . . . < P m−1 < Q = P m < P m+1 < . . . < P be a fixed radical p-chain of a finite group G, where 1 m < . Suppose that σ : O p (G) < P 1 < . . . < P m−1 < P m+1 < . . . < P is also a radical p-chain such that N G (σ) = N G (σ ). Let R − (σ, Q) be the subfamily of R(G) consisting of chains C whose ( − 1)th subchain C −1 is conjugate to σ in G, and let R 0 (σ, Q) be the subfamily of R(G) consisting of chains C whose th subchain C is conjugate to σ in G. Then the map g sending any O p (G) < P 1 < . . . < P m−1 < P m+1 < . . . < P < . . .
in R
− (σ, Q) to O p (G) < P 1 < . . . < P m−1 < Q < P m+1 < . . . < P < . . .
induces a bijection, denoted again by g, from R − (σ, Q) onto R 0 (σ, Q). Moreover, for any C in R − (σ, Q), we have |C| = |g(C)| − 1 and N G (C) = N G (g(C)).
Lemma 2.2. Suppose that Q is a p-subgroup of G. Then Q is radical in G if and only if N G (Q) M and Q is radical in M for some maximal p-local subgroup M of G. In particular, if N G (Q) M , then Q is radical in G if and only if Q is radical in M . Lemma 2.4. If Q is a p-subgroup of a finite group G, then there is a radical p-subgroup R such that
Proof. This follows from [6, Lemma 2.1].
A local subgroup strategy and fusions
From [24] , we know that each radical p-subgroup R of M is radical in one of the conjugates M of maximal p-local subgroups constructed in [13] and that, further, N M (R) = N M (R).
In [8] and [9] , a (modified) local strategy was developed to classify the radical p-subgroups R. We review this method here. Suppose that M is a subgroup of a finite group G satisfying N G (R) = N M (R).
Step 1. We first consider the case where
Choose a subgroup X of M . We explicitly compute the coset action of M on the cosets of X in M ; we obtain a group W representing this action, a group homomorphism f from M to W , and the kernel K of f . For a suitable X we have K = Q, and the degree of the action of W on the cosets is much smaller than that of M . We can now directly classify the radical p-subgroup classes of W (or apply Step 2 below to W ), and the preimages in M of the radical subgroup classes of W are the radical subgroup classes of M .
Step 2. Now consider the case where M is not p-local. We may be able to find its radical p-subgroup classes directly. Alternatively, we find a (maximal) subgroup K of M such that N K (R) = N M (R) for each radical subgroup R of M . If K is p-local, then we apply Step 1 to K. If K is not p-local, we can replace M by K and repeat Step 2.
Steps 1 and 2 constitute the modified local strategy. After applying the strategy, we list the radical subgroups of each M and do the fusions as follows.
Suppose that R is a radical p-subgroup of M . Using the local structure, we can determine whether or not N M (R) is a subgroup of another maximal subgroup Y . Suppose that N M (R) is a subgroup of Y . By Lemma 2.4, there is a radical subgroup P of Y such that R P and N M (R) N Y (P ). Using local structure, we can determine whether or not R is radical in Y , and if so, we can identify R with a radical subgroup P of Y . Some details are given in the proof of Proposition 4.1.
The computations reported in this paper were carried out using Magma V2.11-1 on a Sun UltraSPARC Enterprise 4000 server.
Radical subgroups and weights
Let R 0 (G, p) be a set of representatives for conjugacy classes of radical p-subgroups of G. For H, K G, we write
Let G be the Monster M. Then
and we may suppose p ∈ {2, 3, 5, 7, 11, 13}, since both conjectures hold for a block with a cyclic defect group by [16, Theorem 9 .1] and [7, Theorem 5.2] . Suppose that p is odd, so that p = 3, 5, 7, 11 or 13. Denote by Irr 0 (H) the set of ordinary irreducible characters of p-defect 0 of a finite group H and by d(H) the number log p (|H| p ). Given R ∈ R 0 (G, p), let C(R) = C G (R) and N = N G (R).
where R runs over the set R 0 (G, p) such that d(C(R)R/R) = 0. The character table of N/C(R)R can be calculated by Magma, and so we find |Irr 0 (N/C(R)R)|.
Proposition 4.1. The non-trivial radical p-subgroups R of G = M (up to conjugacy) and their local structures are given in Tables 1 and 2 according to whether p 5 or p = 3, where
Proof. The maximal p-local subgroups of G were constructed by Bray and Wilson [13] .
Case 1. Suppose p = 11 or 13. Then the radical p-subgroups of G are given in [24, Section 11] .
Suppose p = 7. By [24, Theorem 7] , G has the following five maximal 7-local subgroups:
: GL 2 (7) Table 1 . Non-trivial radical p-subgroups of M with p 5. 
By [24, p. 14], 7 2 is 7A-pure, so that N M1 (7 2 ) G M 2 and N M1 (7 2 ) = N G (7 2 ). As shown in the proof of [24, Theorem 7, p. 14], 7
3 contains a 7B-element, and N G (7
In addition, C(7 (4.4) Table 2 . Non-trivial radical 3-subgroups of M.
Case 2. Suppose p = 5. By [24, Theorem 5] , M has six maximal 5-local subgroups as follows:
and (25) . Then Sylow 5-subgroups of L are the only radical subgroups, so
In addition, C(5
We may take 6) and so
The radical subgroups of HN are given by [10, Proposition 4.1], so that
In addition,
and
The fusions of elements of order 5 in HN are given in [24, p. 12] . Thus 5 2 is 5A-pure, so that we may suppose
is 5B-pure, and so we may suppose N G (R) M 3 = N (5B). By Lemma 2.2 and (4.6), R ∈ G R 0 (G, 5).
If
is 5B-pure, so we may suppose N G (R) M 4 = N (5B 2 ), and by Lemma 2.2 and (4.5) we have R ∈ G R 0 (G, 5). It follows that each R ∈ R 0 (M 1 , 5)\{5, 5
2 } is non-radical in G and that N M1 (5 2 ) = N (5 2 ). We may take 
Case 3.2. Applying local strategy, we get four classes of radical subgroups of M 4 ; one of them, R, has order 3 18 and satisfies C M4 (R) = Z(R) = 3 and N M4 (R) = R.(2 2 × M 11 ). Thus a generator of Z(R) is a 3B-element as Z(O 3 (M 4 )) is 3B-pure, and we may suppose N G (R) M 3 . By Lemma 2.4 and (4.9), R is radical in G and, by the local structures, R = G 3 1+12 .3 5 . Another radical subgroup Q of M 4 has order 3 19 and satisfies C M4 (Q) = 3 2 . So N G (Q) G M 4 and Q is radical in G. We may take 10) and then 
19 , it follows from [24, Proposition 5.1] that N G (Z(Q)) G M 4 . By Lemma 2.4 and (4.10), R is radical in G and R = G 3 2+5+10 .3 2 . We may take 11) and then Table 3 .
The fusions in G of elements of order 3 of Fi 24 are given in [24, p. 3] . Thus 3 2 is 3A-pure and 
2+10 , then R = 3 is 3B-pure, so that N G (R) G M 3 and, by Lemma 2.2 and (4.9), R is non-radical in G.
Similarly
13 , it follows from |R| = 3 Table 3 . Radical 3-subgroups of 3.Fi24.
Since HR/H ∼ = R/Q M 2 /H, it follows that |R/Q| = 1 or 3. So we can first classify radical subgroups of H and then, for each such subgroup Q,
We may take
and, by Lemma 2.2 and (4.11), R is non-radical in G. 
Case 3.6. There are eight classes of radical subgroups of M 6 ; one of them, R, has order 3 14 with C M6 (R) = Z(R) = 3 and N M6 (R) = R.2.U 4 (3).2 2 . Since |C(3A)| 3 = 3 17 and |C(3C)| 3 = 3 11 , it follows that Z(R) is 3B-pure and
A radical subgroup Q of M 6 has order 3 17 and is such that
17 and is such that
The radical subgroups of M 6 and their local structures are given in Table 4 .
, then by [24, Proposition 2.1] we may suppose N G (R) M i , and so R ∈ R 0 (M i , 3) for 1 i 6.
Thus the radical 3-subgroups of G are as listed in Table 2 , and the centralizers and normalizers are given by Magma. 
3 , V
3 , V (a) If p = 13, then Blk
Irr(B i ) .
Moreover, (B 0 ) = 52, (B i ) = 12 for 1 i 3 and
Moreover, (B 0 ) = 45, (B i ) = 10 for 1 i 4 and (B j ) = 5 for j = 5, 6. Table 4 . Radical 3-subgroups of 3
Moreover, (B 0 ) = 70, (B 1 ) = 24, (B i ) = 6 for 2 i 4 and
Irr(B i ) . If R = 3 or 3 * , then R is a proper subgroup of D ∩ C(R) and so B has no B-weight of the form (R, ϕ).
and Irr 0 (C(R)/R) = {St}. Since N (R)/C(R) = 2.S 4 has exactly two irreducible characters of degree 3, it follows that B has two B-weights of the form (R, ϕ).
Radical chains
Let G = M, C ∈ R(G) and N (C) = N G (C). We will do some cancellations in the alternating sum of Uno's conjecture. We first list some radical p-chains C(i) and their normalizers for certain integers i, and then reduce the proof of the conjecture to the subfamily R 0 = R 0 (G) of R(G), where R 0 (G) is the union of G-orbits of all the C(i). The subgroups of the p-chains in Tables 5 and 6 are given either by Tables 1 and 2 or in the proofs of Proposition 4.1 and Lemma 5.1. The radical 13-chains are also given in Table 5 .
{C(i) : 1 i 8} with C(i) as given in Table 5 if p = 7, {C(i) : 1 i 12} with C(i) as given in Table 5 if p = 5, {C(i) : 1 i 32} with C(i) as given in Table 6 if p = 3.
where B = B 0 when p = 3. If p = 3 and B = B 1 , then Dade's ordinary conjecture for B is equivalent to
where the C(i) are as given in Table 6 .
Proof. Let C ∈ R(G) be given by (2.1), so that we may suppose P 1 ∈ R 0 (G, p).
Case 1. Suppose p = 7 and let V = O 7 (M 1 ), so that N (V ) = M 1 = (7:3 × He):2. Let R(G, V ) be the subfamily of R(G) consisting of radical chains whose first non-trivial subgroup is V . If C ∈ R(G, V ) is given by (2.1), then P 1 = V and P i = V × Q i for some Q i He when i 2. In particular, C He : 1 < Q 2 < . . . < Q n is a radical chain of He. Table 5 . Some radical p-chains of M with p = 13, 11, 7 or 5.
Conversely, if C He : 1 < Q 2 < . . . < Q n is a chain of R(He), then C : 1 < V < V × Q 2 < . . . < V × Q n is a chain of R(G, V ). The map ϕ : R(G, V ) → R(He) given by ϕ(C) = C He is a bijection.
Let H = 7:3 × He and let τ ∈ N (V )\H be an involution. Then He = [H, H ] and 7:3 is the largest normal solvable subgroup of N (V ), so that τ stabilizes He and 7:3, respectively. In addition, for C ∈ R(G, V ), N H (C) = 7:3 × N He (C He ). Table 6 . Some radical 3-chains of M. Tables I-III] , it is easy to check that Uno's invariant conjecture also holds for He when p = 7.
Let R(G, V ) e and R(G, V ) o be the subfamilies of R(G, V ) consisting of chains C such that |C| is even or odd, respectively. Let
By [4, Lemma (3B)(b)] and the truth of Uno's invariant conjecture for He, there is a defect-preserving bijection φ from X
It follows that φ can be extended as a defect-and r-preserving bijection from X
Therefore we may suppose
so we may suppose P 1 = 7 1+4 .7 and that if Let R ∈ R 0 (M 3 , 5)\{5 1+6 } and σ(R) : 1 < Q = 5 1+6 < R, so that σ(R) : 1 < R. Then σ(R) and σ(R) satisfy the conditions of Lemma 2.1, so there is a bijection
In particular, we may suppose P 1 ∈ R 0 (M 3 , 5)\{5 1+6 } and that if P 1 = 5 1+6 , then C = C(4).
so that N (C ) = N (g(C )) and (5.2) holds. Thus C ∈ {C(7), C(8), C(9), C(10)}. ) by [5, 23] and [3] , respectively. A proof similar to that in Case 1 shows that (5.1) holds, so we may suppose P 1 = G 3, 3 * or 3
1+2
+ . In the following, the groups L 1 , L 2 and L 3 are the same as those appearing in the proof of Case 3.5 in Proposition 4.1.
1+12 } and σ(R) : 1 < Q = 3 1+12 < R, so that σ(R) : 1 < R, where R 0 (M 3 , 3) is given by (4.9) . A similar proof to that in Case 1 shows that we may suppose (5.3) holds with R 0 (M 3 , 5) replaced by R 0 (M 3 , 3) and 5 1+6 replaced by 3 1+12 . In particular, P 1 ∈ R 0 (M 3 , 3)\{3
1+12 }, and if P 1 = 3 1+12 , then C = C(18). We may suppose
, which is given by (4.10). Then σ and σ satisfy the conditions of Lemma 2.1. A similar proof to that in Case 1 shows that we may suppose
In particular, P 1 = G 3 2+5+10 .3 2 , and if
2 ) and so (5.2) holds. Thus, if
), and (5.2) holds. We may suppose C = G C or g(C ), so that if P 1 = 3 3+2+6+6 , we may suppose
. Let δ be the radical 3-chain 1 < 3 2 < 3 1+2 + , and let R(G, δ) be the subfamily of R(G) consisting of chains C such that
The ordinary conjecture for G 2 (3) was verified in [3] . A similar proof to that in Case 1 shows that we may suppose (5.1) holds with R(G, V ) replaced by R(G, δ) and N (V ) replaced by N (δ).
Let
A proof similar to that in Case 2 shows that we may suppose (5.3) holds with R 0 (M 3 , 5) replaced by R 0 (L 2 , 3) and 5 1+6 replaced by 3 2 × 3 1+8 . Thus we may suppose
A similar proof to that in Case 1 shows that we may suppose (5.4) holds with 3 2+5+10 replaced by 3 5 .3 6 . Let
Then N (C ) = N (g(C )) and (5.2) holds. In particular, if P 1 = 3 2 , P 2 = 3 8 and
and, moreover,
Then N (C ) = N (g(C )) and (5.2) holds. Thus, if P 1 = 3 2 and
and, moreover, 
Then N (C ) = N (g(C )) and (5.2) holds. It follows that if P 1 = 3 2 , then we may suppose C ∈ G {C(i) : 2 i 17}.
Now suppose p = 3 and B = B 1 , so that D(B) = 3
+ . Let C be a radical chain such that there exists a block b ∈ Blk(N (C)) with b G = B. Then we may suppose that the last subgroup of C is a subgroup of D(B). If P 1 is the first non-trivial subgroup of C, then 24 and the same proof as above shows that (5.1) holds with B 0 replaced by B, so that we may suppose D(B)), B, d, [r] ).
(6.1)
Tables listing the degrees of irreducible characters referenced in the proof of Theorem 6.1 are given in the Appendix. Table 7 .
It follows that Table 8 . It follows that Table 9 . It follows that
Case 5. Suppose p = 3, so that Uno's ordinary conjecture is equivalent to Dade's ordinary conjecture. N (C(i)), B, d) . The values of k(i, d) are given in Table 10 .
It follows that
Suppose C ∈ R 0 with d(N (C)) = 20, so that C = G C(i) for i = 1 or 18 i 32. The values of k(i, d) are given in Table 11 . It follows that
Theorem 6.1 follows for M.
Appendix. Degrees of character tables for chain normalizers of M Number  2  3  2  1  2  1  2  3  Degree  900  1200  1560  2400  2457  2808  3120  4800  Number  2  1  4  2  4  2  1  1  Degree  4914  5616  6240  8424  9100  9450  11232  17550  Number  3  3  4  2  4  2  1  2  Degree  18200  18900  19656  22464  24192  27300  28350  32760  Number  6  3  2  2  2  2  2  4  Degree  35100  36400  37800  44928  48384  52650  54600  65520  Number  3  4  1  1  3  2  7  1  Degree  70200  72576  72800  75600  81900  96768  109200  131040  Number  1  2  5  2  2  1  1  4  Degree  139776  140400  145600  151200  163800  174720  193536  199017  Number  4  6  6  1  4  4  2  4  Degree  218400  218700  245700  279552  280800  291200  294840  327600  Number  6  2  6  3  2  4  4  3  Degree  332800  349440  387072  398034  436800  437400  491400  531441  Number  2  1  1  3  7  3  10  2  Degree  561600  582400  589680  656100  665600  698880  716800  737100  Number  4  3  1  2  3  4  4  6  Degree  873600  874800  982800  998400  1062882  1118208  1137240  1164800  Number  3  1  11  6  3  2  4  5  Degree  1179360 1257984 1310400 1331200 1397760  1433600  1474200  1572480  Number  4  4  4  1  8  6  6  4  Degree  1592136 1594323 1749600 1965600 1996800  2125764  2150400  2274480  Number  2  2  2  3  3  1  4  1  Degree  2329600 2515968 2662400 2795520 2867200  2948400  3144960  3499200  Number  6  3  2  4  2  1  1  1  Degree  3931200 4251528 4422600 4548960 4659200  5324800  5591040  5734400  Number  5  2  2  4  2  1 Degree  1  2  8  39  52  78  90  104  130  Number  4  3  2  4  8  3  4  4  4  Degree  180  208  260  312  351  390  416  468  520  Number  3  4  9  2  4  4  10  12  14  Degree  702  720  729  780  832  936  1040  1170  1280  Number  3  2  4  7  10  5  17  4  8  Degree  1458  1560  1664  1872  2080  2340  2560  2808  3120  Number  3  7  1  8  18  5  2  6  7  Degree  3328  3744  4160  4680  5616  5832  6240  6656  7020  Number  4  2  11  11  1  2  2  1  8  Degree  8320  9360  10240  11232  12480 14040 16640  18720  22464  Number  12  12  2  8  7  6  6  8  1  Degree  24960  28080  29952  33280  37440 37908 42120  44928  49920  Number  5  17  4  8 Table A .44. The degrees of characters in Irr(7 2 :(3 × 2A4) × L2(7)):2). .GL2 (7)). 
